Here, we investigate the Cherenkov emission by an array of moving electric charges in the vicinity of a topologically nontrivial gyrotropic material. It is shown that the nonreciprocal material response may result in a robustly asymmetric Cherenkov emission, such that the spectrum of the emitted radiation and the stopping power depend strongly on the sign of the particle velocity. It is demonstrated that the main emission channels are determined by the unidirectional edge states supported by the topological material. We consider as examples both magnetized plasmas and Weyl semi-metals.
I. Introduction
The use of topological methods in photonics opened up a myriad of novel photonic platforms with fascinating properties [1] - [8] . In particular, Chern topological insulators are nonreciprocal structures (e.g., photonic crystals) characterized by a (nontrivial) topological invariant called the Chern number [1, 2] . The topological invariant depends on the material band structure [1] and determines the net number of topologically protected unidirectional edge states supported by an interface of the material and another "mirror" with a trivial topology and a common band gap [1, 2] . The edge states are protected against backscattering and this unique and singular property has inspired the development of many novel photonic platforms insensitive to imperfections and to back-reflections [1] - [8] . Some reciprocal material platforms with a bianisotropic response also have a topological classification [9] - [12] . Moreover, the ideas of topological photonics can be extended to a continuum with no intrinsic periodicity [6, 7] and gyrotropic media are generically topologically nontrivial. Recently, it was shown that the photonic Chern number has a precise physical meaning: it can be understood as the quantum of the thermally-generated light-angular momentum in a closed cavity filled with the photonic insulator [13] .
Typically, nontrivial topological materials require some external biasing to break the time-reversal symmetry [1, 2] , e.g., a magnetic bias. Remarkably, it was recently predicted that a new class of electronic topological materials called Weyl semi-metals [14] - [17] may exhibit a spontaneous nonreciprocal response without any external magnetic field due to magnetic order. Weyl semi-metals have unusual properties, for example, the electrons in a fully three-dimensional solid are described by the massless relativistic Dirac equation [14, 15] . The Cherenkov effect [18] - [20] occurs when a charged particle moves inside or nearby a transparent medium with a velocity v larger than the phase velocity of light in the medium. In recent years, there has been a renewed interest in this fundamental effect, largely motivated by the discovery of photonic crystals and metamaterials and by the fact that such structures can lead to exotic forms of Cherenkov radiation [21] - [23] .
In particular, Veselago theoretically predicted in 1967 that a moving particle in a lefthanded material produces both forward and reversed Cherenkov radiation [21] . More recently, the Cherenkov effect was also investigated in plasmonic platforms and in metamaterials with a plasmonic-type hyperbolic response [24] - [30] . The Cherenkov radiation has relevant applications in free-electron lasers, biomedicine, particle detection and nanoscale light sources [31] .
In this article, we investigate the role of a nontrivial topology in the context of the Cherenkov radiation. We consider a beam of electric charges moving in a vacuum in the vicinity of i) a gyrotropic slab (e.g., a magnetized plasma) and ii) a Weyl semi-metal characterized by a spontaneous nonreciprocal response. We find that the unidirectional plasmon edge waves are the main radiation channels and lead to strongly asymmetric Cherenkov radiation with spectrum depending on the sign of the electrons velocity.
Moreover, the studied platforms may behave as "Cherenkov diodes" such that the amount of emitted radiation depends on the sign of the velocity, which may useful in detectors where it is important to discriminate the sign of the particle velocity.
The article is organized as follows. In Section II we present the theoretical formalism for a "pencil beam" of charges. In Section III we study the Cherenkov emission for the cases where the charged particles move in the vicinity of a magnetized plasma and a Weyl semi-metal. In Section IV some of our findings are generalized to the case of a "point-like" beam and the stopping power is analytically calculated. Finally, in Section V the main conclusions are drawn.
II. Theory for a pencil of moving charges
For simplicity, in a first stage we suppose that the relevant beam of charges is shaped in the form of a "pencil", i.e., it corresponds to a linear array of charges moving in a vacuum near the topological material. The charges move along the x -direction with a constant velocity v at a distance d from a gyrotropic-material occupying the negative y half-space (Fig. 1a) . The current density describing this pencil beam is ( ) The electric gyrotropic material half-space is characterized by the generic (relative) permittivity tensor ˆˆt 
Evidently, R and T can be identified as the reflection and transmission coefficients for plane wave incidence at a single interface between the vacuum and the gyrotropic material. Using mode matching one easily finds that [7] 
From Eq. (2), the frequency domain magnetic field may be written in a more compact manner as: 
Applying the inverse Fourier transform, one finds the time-domain magnetic field: 
The normalization parameter p ω (with unities of frequency) was introduced so that the function ( ) 
is the (bilateral) normalized power spectral density that determines the spectrum of the emitted radiation.
III. Cherenkov emission in the vicinity of a gyrotropic half-space

A. Magnetized plasma
For the particular case of a magnetized electron gas (e.g., a magnetized semiconductor [32] ), the components of the permittivity tensor are [33] : The surface plasmons [see Eq. (9)] supported by the interface between the vacuum and the topological material half-space are determined by the dispersion equation [6] - [7] , [34] - [36] In contrast to the bulk states, the SPPs dispersion is strongly asymmetric due to the inhomogeneity of space (which breaks the parity symmetry) and the nonreciprocity inherent to gyrotropic material. In particular, the plasmon resonance,
i.e., the asymptotic value reached when x k → ±∞ , depends on the direction of propagation of the plasmons. It is given by [37] ( )
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In the Cherenkov problem, the wave number along x and the frequency are linked by
Hence, a natural (surface or bulk) mode of the system can be excited by the moving charges when the following selection rule is satisfied for some x k :
Here, In the Cherenkov problem the amplitude of the scattered fields is determined by the reflection coefficient
. Figure 2b depicts the reflection coefficient amplitude as a function of frequency. Consistent with Fig. 2a , the reflection coefficients are highly asymmetric being peaked precisely at the frequencies at which the selection rule (11) is satisfied (vertical gridlines in Fig. 2b ) , i.e., relatively near ω ± depending on the sign of the electrons velocity.
The previous result suggests that the moving charges can efficiently excite the surface plasmons. Depending on the sign of the velocity, the spectrum of the emitted Cherenkov radiation will be peaked at the plasmon resonance ω + or ω − . To demonstrate the plasmon excitation and the spectral asymmetry of the emitted radiation, we depict in Fig. 3 Clearly, the emission spectrum is highly asymmetric being peaked near ω ± (vertical gridlines in Fig. 5a ) depending on the sign of the electrons velocity. This property is explained by the fact that the density of (plasmon) states diverges at the frequencies determined by ω (see Fig. 2a ), where the density of states is smaller. 
B. Weyl semi-metal
As a second example, we consider a linear array of charges moving in a vacuum above a Weyl semi-metal half-space. It has been suggested that pyrochlore iridates of the generic form A 2 Ir 2 O 7 , with A either yttrium or a lanthanide element, may be topological semi-metals [15] [16] . The topological properties of a Weyl semi-metal results in an anomalous Hall current (chiral anomaly) and creates a gyrotropic (nonreciprocal) electromagnetic response, even without an external magnetic bias [17] .
Thus, Weyl semi-metals may have a spontaneous nonreciprocal response due to magnetic ordering [15] . There are other naturally available materials with a spontaneous nonreciprocal response, e.g., some antiferromagnets [38] - [43] .
Following Ref. [17] , a Weyl semi-metal has a permittivity tensor of the form t g i ε ε ε = + × 1 z 1 with permittivity components:
where ε ∞ is the high-frequency permittivity, p ω denotes the bulk plasma frequency and b ω is a parameter with units of frequency which is nontrival for topological Weyl semimetals [17] . Here, the z-axis is taken as the direction of the wave vector b that links the two Weyl points in the 1 st Brillouin zone [17] . Figure 1c 
Similar to Fig. 2b , the reflection coefficient is typically peaked near the plasmon resonances ω ± (see Fig. 6b ).
Furthermore, the magnetic field emission spectrum (not shown) and the instantaneous magnetic field (Fig. 7) have features qualitatively very similar to the magnetized plasma examples. They confirm the selective emission of plasmons with spectrum concentrated near ω ± , depending if the pencil beam travels along the +x or -xdirection, and that plasmons are typically the main emission channels. The power spectral density G [ Fig. 8a ] and the stopping power [ Fig. 8b ] also have features qualitatively similar to the magnetized plasma case. For example, the power spectral density is resonant near ω ± , depending on the sign of v. However, it must be highlighted that the nonreciprocal response of the Weyl semi-metal is spontaneous and hence it does not require an external magnetic bias. In the previous examples, it was assumed that 1 ε ∞ = but it may be more realistic to take 1 ε ∞ > in the material response model [17] . The reason why we used 
with ( ) , 0,
the transverse wave vector (parallel to the interface),
and A k a normalization constant. Furthermore, the dispersion of the short-wavelength plasmons satisfies (the formulas of this article differ slightly from those of Ref. [37] due to a different choice of the coordinate axes) [37] ( )
with ϕ the angle of the SPP wave vector k with respect to the x-axis. As discussed in the detail in Ref. [37] , one has Thus, the quasi-static approximation describes the plasmon resonances with a large wave vector. The plasmon resonances are direction dependent due to the magnetic bias.
In Appendix B, we use the quasi-static model to determine the stopping power. For the case of a pencil beam it is found that: (15), which describes the dispersion of the short-wavelength plasmons). 
where the normalization factor is now 
V. Conclusions
In this work it was demonstrated that the main radiation channels of the Cherenkov energy emitted by an electron beam moving near to a topological material half-space are the edge states (plasmons) supported by the interface. It was shown that the emission spectrum is highly asymmetric, being peaked near a plasmon resonance that depends on the sign of the electrons velocity. The theory was applied to the cases of a magnetized plasma and Weyl semimetals. In particular, it was found that Weyl semimetals offer the opportunity to obtain strongly asymmetric Cherenkov emissions with no biasing magnetic field, in contrast to magnetized plasmas. The platforms described in this work offer the possibility to discriminate particles travelling the opposite directions of space in a simple manner, which can have applications in particle detection and biomedicine. 
Appendix A: Modal expansion of the radiated fields and stopping power
In this Appendix, we obtain explicit formulas for the fields emitted by a moving charge distribution and for the stopping power in terms of a modal expansion [27, 44, 45] . The derived formulas are exact and the only assumption is that the material loss is negligible.
To begin with, we determine the fields emitted by a generic current density. For simplicity, we use six-vector notations and denote the electromagnetic fields as 
In the limit of vanishing material loss, the Green function has the modal expansion [44, 45] :
Here, ( ) n f r represents a generic electromagnetic mode with oscillation frequency n ω and is normalized as (V stands for the volume of the relevant region)
The summation is over all the electromagnetic modes with either positive, zero or negative frequencies [44, 45] .
For the geometry of interest (Fig. 1a) , the modes are of the form ( ) ( ) 
Hence, the radiated field in the spectral domain is: 
where the "+" sign ("−" sign) is chosen for positive (negative) velocities.
To proceed, we use the fact that within the quasi-static approximation the fields have an electrostatic nature such that 0 0 [37] , with φ k given by Eq. (14) . The constant A k is determined by the normalization condition (A5). It can be written explicitly as (the difference compared to Ref. [37] is again due to the different coordinate system) [37] : 
